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CONTINUOUS SOLUTIONS OF A FUNCTIONAL INEQUALITY OF SECOND ORDER
In the present paper we axe concerned with continuous solutions ip of the functional inequality Proof. Let cp be a C-solution of (3) in I. The repeating use of (3) yields
We have
<1 |r|
and by the continuity of (p in I the series (5) absolutely and almost uniformly converges in I, and its sum $ is then continuous in I and Lemma 1 applies. Theorem 2. Let r = 1 and s < 1 and assume (H). Then for every continuous in I function <p fulfilling (3) in I there is the one-parameter family of C-solutions of (1) in I and it is given by the formula oo (7) y
Proof.
We : shall prove that the series in (7) converges almost uniformly in I. We have from (3):
and the theorem follows from the "r = 1 part" of Lemma 1. Theorem 3. Assume r = s and (H). Then for every positive C-solution of (3) in I such that there exists
there is a C-solution tp of (1) in I, given by formula (6). Proof.
Denoting by a^ the n-th term of the series in (5) we have by (8):
Thus the series converges and it can be shown similarly as above that the convergence is almost uniform in I, so that Lemma 1 completes the proof of the theorem.
In the case r = s covered by Theorem 3 we can also give another characterisation of C-solutions of (1) From (9) we get <p 0 [f n (x)] = s 11 <f 0 (x), zel, n > 1. Using this fact and (12) in (6) we get by (5):
Since 7 is continuous in I, then the series in (14) converges almost uniformly in I and a change of the limit and sum signs is legitimate. Thus, making use of (13)i, we get
The same value we obtain for limit (10), owing to (11) and (13). This completes the proof of the theorem. Now we are going, to prove a comparison theorem for the solution v of (1) given by (6) and (5). To this end put 
Proof.
We have from (14) and (15) = ( (14), which was to be proved.
We terminate the paper with a theorem on a relation among solutions of (1) we get the inequality (23) a n+2 <0 +k > a n + 1 " k a n • This means that for sequence (22) Lemma 2 can be applied, since p(z) = 1 -k z vanishes at 1/k 4 1, by (C). Thus,in order to prove the convergence of (an), it is enough to prove its boundedness. Adding the corresponding sides of (23) The aQ are all nonnegative and the sequence on the right-hand side of (25) approaches a finite, nonnegative limit as This implies the boundedness of sequence (22) and the proof is completed.
